This paper is concerned with uniformly closed sets of continuous real-valued functions defined on a compact Hausdorff space that are at the same time semi-algebras (wedges closed under multiplication) and lower semi-lattices. The principal result is that any such set can be represented as an intersection of lower semi-lattice semi-algebras of three elementary types. This is an adaptation of a similar theorem of Choquet and Deny for lower semi-lattice wedges. A modified form of the theorem is also given for the case that the lower semi-lattice semi-algebra is in fact a lattice.
Throughout, E denotes a compact Hausdorff space and C(E) the family of all continuous real-valued functions defined on E. For two functions / and g in C(E), the functions fΠg and fl)g, defined respectively for any point rj of E by (/ Π g) (V) = min{/07), g(rj)} ; (/ U g) (η) = max {f( v ) 9 g{r])} , are also in C(E). A subset P of C(E) is (a) a lower semi-lattice if and only if /, g e P => f Π g £ P, (b) an upper semi-lattice if and only if /, g e P => f U ge P, (c) a lattice if and only if P is both an upper and a lower semilattice, (d) a wedge if and only if /, g e P=> af + βg e P, for any nonnegative real numbers a, β, (e) a semi-algebra if and only if P is a wedge and /, ge P => fgeP, (f) closed under squaring if and only if feP=>f 2 eP. Choquet and Deny [4] determined those uniformly closed wedges contained in C(E) which are semi-lattices in terms of certain classes of Radon measures which generate the dual wedge. The theorem for the lower semi-lattice case can be formulated as follows. Let σ be a positive Radon measure and ξ be a point of E. Define the sets Each of these is a uniformly closed wedge which is a lower semilattice. We use W r to denote the dual wedge of all those Radon measures which take nonnegative values on the wedge W, and <5 f to denote the Radon measure with unit mass all concentrated at the point ζ of E. THEOREM 1 (Choquet-Deny For the proof, see [4] ; the result is valid even if Sf λ is void or consists of the zero measure alone. (The convention that a void intersection is the whole of the space is adopted.) An analagous theorem holds for upper semi-lattices. These results were originally given in a more general setting with the underlying space not necessarily compact, but with the function space given the topology of uniform convergence on compacta.
F. F. Bonsall, [1] , [2] , considered the relationship between lattice and algebraic properties of a function wedge. He showed that any uniformly closed semi-algebra A containing the function 1 and contained in C + (E) (the set of all nonnegative functions in C(E)) is a lattice if and only if it has the "type 1 property", i.e., feA=*f/(l+f)eA.
In addition, he gave an interesting characterization of such semialgebras as sets of functions monotone with respect to certain quasiorderings on E. In [2], Bonsall gave intersection theorems for certain closed wedges and semi-algebras contained in C + (E) which were upper semi-lattices and permitted reduction by constants. (A subset K of C(E) permits reduction by constants if and only if fe K,
The main purpose of the present paper is to show that any uniformly closed lower semi-lattice semi-algebra contained in C(E) is an intersection of ones of certain elementary types. The result obtained does not require the full force of the multiplication property of a semi-algebra, but only closure under squaring; its proof depends heavily on Theorem 1. In the final section, a similar intersection theorem for lattices is deduced. Unlike earlier results for semi-algebras, the theorems here are not restricted to nonnegative functions.
Because of the asymmetry introduced into the situation by the multiplication, one cannot trivially obtain a corresponding result for upper semi-lattice semi-algebras. It seems that the class of these SEMI-ALGEBRAS THAT ARE LOWER SEMI-LATTICES 3 semi-algebras is much more extensive and varied than the class of lower semi-lattices, so that a complete determination is still in the future.
By abuse of notation, we use, for any Radon measure σ, the symbol σ to refer both to the continuous linear functional defined on C(E) and to the corresponding regular measure defined on the Borel subsets of E, but no confusion will result from this. The support of a in E is denoted by S(σ).
2. The Principal Result* Let σ be a positive Radon measure with support S(σ), ζ and ζ be two points of E and N a closed subset of E. Then it is clear that each of the sets
is a uniformly closed semi-algebra which is a lower semi-lattice, and that any intersection of sets of these forms is such a semi-algebra. It will be shown that every uniformly closed lower semi-lattice semialgebra is an intersection of sets of the forms A σtζ , B ξ} ζ and C#. On the other hand, if fe A and f(ξ) = λ Φ 0, then g = λ~2/ 2 e A Π C + (E) and g(ξ) = 1. Define REMARK. The result is valid if any of ^7, ^l and JV are void. If ^7 is void, A is a lattice, so that the property of being a lower semi-lattice but not a lattice forces all the functions in A to be nonnegative at least on a nonvoid subset of E.
CONSEQUENCES OF THEOREM 2. (a) Since all sets of the forms A σ , ξ , B ξfζ and C N are semi-algebras, the wedge A satisfying the conditions of Theorem 2 is automatically a semi-algebra.
(b) Theorem 2 holds if the condition (ii) is strengthened to "A is a semi-algebra".
(c) Any wedge A contained in C + (E) which satisfies the conditions of Theorem 2 is an ideal of some semi-algebra T which has the type 1 property. For (σ, ζ) e J^, let
is an ideal of Γ^, so that T may be taken to be {B ζ>ζ : (ξ, ζ) e &}] n C* .
(d) Any wedge A contained in C + (E) which satisfies the conditions of Theorem 2 and in addition contains the function 1 has the type 1 property, and hence is a lattice. 3* Semi-algebras which are lattices* In this section, let A be a uniformly closed semi-algebra contained in E which is a lattice. Since A is in particular a lower semi-lattice, the representation (I) given in Theorem 2 is valid, and, in fact, when j^\ is void, expresses A as an intersection of lattices. However if ^\ is nonvoid, then (I) is unsatisfactory since semi-algebras of the form A σ>ξ are not lattices unless σ is either the zero measure or has all of its mass concentrated at one point. This section will be concerned with modifying the family J?\ so that A is given as the intersection of certain elementary lattices.
Suppose ^\ contains the pair (σ, ξ) with S(σ) containing at least two points. For rje S(σ), define the function p = p σ , ξ by (There is no loss of generality in supposing that the supremum is taken over a nonvoid set, for otherwise S(σ) (J {?} would be a subset of N, defined as in Theorem 2.) Note that 0 <^ p(τj) g 1 for each point Ύ] of S(σ) and that p(rj) = 0 if and only if η e N. The set
is a uniformly closed lattice semi-algebra which contains A. We show that P σtξ S A σ , ξ , so that Since σ(u) S. 1 + tf(ε) for each positive ε, σ(u) <^ 1. It is deduced that for any function u in P σ>ξ1 u belongs to A σtξm We can now obtain the following result. and that C N n C + (E) = n {Q 0 .e.,: ξeE, V e N}.) BIBLIOGRAPHY
